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Abstract—The effect of Kerr-induced optical fiber nonlineari-
ties in C−band (∼5 THz) EDFA and C +L−band (∼12.5 THz)
Raman-amplified optical communication systems have been stud-
ied considering the impact of third-order fiber dispersion. The
performance of digital nonlinearity compensation with single-
channel and 250-GHz bandwidth in both EDFA and Raman
amplified systems has been investigated, respectively. The achiev-
able information rates (AIRs) and optimum code rates in each
individual transmission channel have been evaluated for the DP-
64QAM, the DP-256QAM and the DP-1024QAM modulation
formats. It is found that, for all considered modulation formats,
the signal-to-noise ratios, AIRs and code rates exhibit signifi-
cantly asymmetric behaviour about the central channel due to
the presence of the third-order dispersion. This provides a new
insight that the forward error correction schemes have to be
optimized asymmetrically, on a per-channel basis, to maximize
the overall throughput.
Index Terms—Achievable information rate, ultra-wideband
optical communication, fiber nonlinearities, digital nonlinearity
compensation, third-order dispersion.
I. INTRODUCTION
O
PTICAL fiber communications have achieved unprece-
dented growth and success over the past three decades
and more than 95% of digital data traffic is currently carried
over optical fiber networks, which form a substantial part of
the national and international communication infrastructure
[1]. The use of lumped erbium-doped amplification (EDFA)
and distributed Raman amplifiers (DRA) negated the need
for electronic re-generators and enabled dense wavelength-
division-multiplexing (WDM) transmission, although the suc-
cess and performance of these amplifier technologies are seen
as limiting the usable fiber bandwidth up to approximately
∼5 THz for EDFA systems and ∼10–15 THz for Raman
systems, respectively [2], [3]. In such wideband transmission
schemes, the achievable information rates (AIRs) of optical
communication systems are inherently constrained by nonlin-
ear distortions owing to the presence of the Kerr effect in
optical fibers, which manifests itself as self-phase modulation
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(SPM), cross-phase modulation (XPM) and four-wave mixing
(FWM) [4], [5].
Research on AIRs has been performed for ∼5 THz EDFA
[6] and for 4.3 THz DRA [7] optical transmission systems
considering electronic dispersion compensation (EDC) only. In
these works, the nonlinear distortion of the central wavelength
channel has been regarded as indicative of the nonlinear
distortions for all channels over the entire optical bandwidth
when analyzing both the channel properties and the AIRs
[8], although those nonlinear interference processes should
be different for each channel due to different inter-channel
nonlinear mixing. In our previous work, the behavior of Kerr
nonlinearities and the AIRs for each individual channel have
been evaluated for the 4.3 THz EDFA and the 12.5 THz
(∼100 nm) Raman amplified optical communication systems
accounting only for the second-order dispersion effect [9],
[10]. However, in all aforementioned works, the modeling of
the third-order dispersion was omitted. Under this simplify-
ing assumption, the nonlinear distortions across the whole
amplified bandwidth appeared to be symmetric around the
central channel; and the central channel behaved the worst
among all WDM channels due to its stronger inter-channel
interferences. As a result, it was concluded that the forward
error correction (FEC) schemes and their code rates have to
be optimized accordingly in a symmetric manner about the
central wavelength.
In this paper, built on our previous works, the nonlinear
behaviors, the AIRs and the code rates in C−band (∼5 THz)
EDFA and C + L−band (∼12.5 THz) DRA amplified op-
tical fiber communication systems are investigated, where the
impact of both second-order and third-order dispersion are
taken into account. These estimations have been separately
carried out for each individual channel in Nyquist-spaced
WDM transmission systems using various modulation formats
including dual-polarization 64-ary quadrature amplitude mod-
ulation (DP-64QAM), DP-256QAM and DP-1024QAM. The
performance of computationally feasible digital nonlinearity
compensation (NLC) schemes including single-channel NLC
and 250-GHz NLC, which is the widest digital NLC band-
width experimentally investigated [11], is examined for the
157-channel×32 GHz (∼5 THz) EDFA transmission systems
and the 391-channel×32 GHz (∼12.5 THz) DRA-amplified
transmission systems.
2TABLE I
SYSTEM PARAMETER VALUES
Parameters Values
Carrier wavelength 1550 nm
Symbol rate 32 GBaud
Channel spacing 32 GHz
EDFA bandwidth 5 THz (40 nm)
EDFA NF 4.5 dB
DRA bandwidth 12.5 THz (100 nm)
Total Raman pump power 5×680 mW
Fiber attenuation 0.2 dB km-1
Fiber dispersion 17 ps nm-1 km-1
β2 – 21.67 ps
2 km-1
Fiber dispersion slope 0.067 ps nm-2 km-1
β3 0.145 ps
3 km-1
Fiber nonlinearity 1.2 W-1 km-1
Transmission distance 25×80 km
II. THEORETICAL MODEL
A. Fiber nonlinear distortions model
The performance of each individual channel, k, in a
dispersion-unmanaged WDM transmission system, which is
affected by both ASE noise and the optical Kerr effect in a
fiber, is described by the so-called effective signal-to-noise
ratio (SNR), which can be expressed as follows in the cases
of EDC and NLC:
SNRk ,
P
σ2eff
,
σ2eff ≈ Nsσ2ASE + [ ηk(Ns, B)− ηk(Ns, BNLC) ] · P 3,
(1)
where k is the WDM channel index, Ns is the total number
of fiber spans in a link, σ2ASE represents the ASE noise power
arising from the optical amplification process, and B and
BNLC are the total WDM transmitted bandwidth and the NLC
bandwidth, respectively. Note that the EDC case corresponds
to ηk(Ns, BNLC) = 0 in Eq. (1).
Assuming the optical gain,G = eαLs , with α being the fiber
attenuation parameter, provided by each EDFA is constant
within a given channel spacing ∆f , and is precisely equal
to the single fiber span loss. Therefore, the total ASE noise
power per fiber span in the case of dual-polarization is given
by the well-known expression
σ2ASE = 2
(
eαLs − 1)nsp hf0 ·∆f, (2)
where hf0 is the average photon energy, f0 is the optical
carrier frequency, h is Planck’s constant, and nsp is the
spontaneous-emission factor [2], which is related to the EDFA
noise figure (NF) as NF ≈ 2nsp assuming G & 10 dB.
The total variance of the ASE noise per fiber span over the
channel due to optical counter-pumped fiber Raman amplifi-
cation is defined as follows
σ2ASE = 2 (κT + 1)nsp hf0 ·∆f, (3)
where κT is the temperature dependent phonon occupancy fac-
tor [12, Eq. (7)], and nsp denotes the number of spontaneously
emitted photons, which is given in [13, Eq. (6)].
For dual-polarization Nyquist-spaced WDM transmission
systems, which fulfill the Nyquist criterion, that is, having a
rectangular spectra of width ∆f exactly equal to the symbol
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Fig. 1. Nonlinear distortion coefficient η and SNR (at optimum launched
power) for a fixed 2000 km (25×80 km) transmission distance against WDM
channel index. (a): lumped EDFA-amplified C−band (∼ 5 THz) system and
(b): distributed Raman-amplified (C + L)−band (∼ 12.5 THz) system.
rate RS , the nonlinear distortion coefficient η, which quantifies
the impact of nonlinear distortions due to the FWM process,
is given by [9, Eq. (4)]
ηk(Ns, B) =
1
∆f
(2k+1)∆f/2∫
(2k−1)∆f/2
df S (f ; Ns, B) rect
(
f
∆f
)
,
(4)
where rect (x) denotes the rectangular function, and the
Nyquist WDM channel index k is given by the following set
k , {− (Nch − 1) /2, . . . , (Nch − 1) /2} with Nch being the
total number of WDM channels. Eq. (4) implies the filtering
of the “noise-like” nonlinear distortion power spectral density
(PSD) in the coherent receiver by a matched filter with a rect-
angular base-band transfer function. The PSD S (f ; Ns, B) of
the nonlinear distortion is given by a slightly modified [14,
Eq. (1)]; it yields
S (f ; Ns, B) ≈ 16 γ
2
27R2S
B/2∫
−B/2
B/2∫
−B/2
df1 df2 |µ (f, f1, f2; Ns) | 2
· rect
(
f1 + f2 − f
B
)
, (5)
where γ is the fiber Kerr nonlinearity parameter, RS is the
symbol rate, B , Nch ·∆f is the total transmitted bandwidth,
and the kernel function can be factorized as follows
µ (f, f1, f2; Ns) = ρ (f, f1, f2) · φ (f, f1, f2; Ns) , (6)
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Fig. 2. AIRs (and SEs) for each individual channels for DP-64QAM optical
communication systems. (a) EDFA system (b) Raman amplified system.
with the so-called phased-array factor φ (f, f1, f2; Ns) being
responsible for a distance evolution of the FWM nonlinear
interaction process over the multi-span transmission system
and being expressed as
φ (f, f1, f2; Ns) =
Ns∑
m=1
e ı∆β(f,f1,f2) ·Ls (m−1), (7)
where ı ,
√−1 is the imaginary unit, and Ls denotes the fiber
span length. The FWM efficiently factor ρ (f, f1, f2) yields
ρ (f, f1, f2) =
Ls∫
0
dz P (z) e ı∆β(f,f1,f2)·z , (8)
where Ls is the fiber span length, P (z) defines the signal
power profile along a fiber span, which depends on the applied
optical amplification scheme. For lumped EDFA case, the
signal power profile P (z) exponentially decays with distance,
P (z) = e−αz . For the backward-pumped DRA case, the signal
power profile P (z) can be defined as a solution of a system
of two coupled ordinary differential equations, which govern
the Raman process for a single co-polarized pump wavelength
and signal wavelength traveling in the backward direction [15,
Eqs (1-2)].
The FWM phase-mismatch ∆β can be approximated by
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Fig. 3. AIRs (and SEs) for each individual channels for DP-256QAM optical
communication systems. (a) EDFA system (b) Raman amplified system.
including the third-order dispersion as follows [16]
∆β (f, f1, f2) = β (f1 + f2 − f)
− β (f1)− β (f2) + β (f)
≈ 4pi2 [ |β2|+ pi (f1 + f2)β3 ]
· (f1 − f) (f2 − f) , (9)
where β (·) denotes the propagation constant as a function
of frequency, β2 and β3 represent the second-order and
third-order dispersion coefficients in the Taylor expansion,
respectively. To the best of our knowledge, the impact of the
third-order dispersion β3 on AIRs of wideband optical fiber
communication systems has not previously been reported.
B. Estimation of achievable information rates
The achievable information rate (AIR) for each individual
channel can be estimated as in [10]
AIR , 2RS · IXY . (10)
The ideal code rate R∗ ∈ [0, 1] in the forward error cor-
rection scheme represents the maximum proportion of useful
information in the coded bit sequence:
R∗ ,
IX,Y
log2 |X |
, (11)
where IX,Y denotes the soft-decision mutual information
(MI) between the sequence of output symbols Y and input
X symbols. The MI is an important figure of merit as it
gives a maximum information rate of a coded modulation
scheme for which an arbitrarily small post-FEC BER can be
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Fig. 4. AIRs (and SEs) for each individual channels for DP-1024QAM optical
communication systems. (a) EDFA system (b) Raman amplified system.
achieved assuming that the input signal constellation drawn
for an alphabet of cardinality M , |X | with a fixed PMF
P [X = xi] = 1/M , as well as a fixed channel law given by
the conditional PDF pY |X(y|x).
For a memoryless channel, the MI in bits per symbol for a
fixed QAM input constellation with equally likely symbols is
given by
IX,Y =
1
M
M∑
i=1
∫
C
dy pY |X(y|xi) log2
pY |X(y|xi)
1
M
∑M
j=1 pY |X(y|xj)
,
(12)
where C represents the fixed set of complex numbers.
Owing to the AWGN channel assumption, the conditional
PDF pY |X(y|x) in Eq. (12) is set to be Gaussian, i.e.,
pY |X(y|x) =
1
piσ2eff
exp
(
−| y − x |
2
σ2eff
)
, (13)
where the effective noise variance σ2eff = E
[
|Y − Z|2
]
is
assumed to be approximately equal to the effective noise vari-
ance in Eq. (1), and E [·] denotes the mathematical expectation.
Therefore, the MI reported herein is an upper bound on the
achievable rate under a Gaussian channel assumption, but
not necessarily the greatest possible rate achievable with an
arbitrarily complex receiver.
The MI in (12) can be efficiently approximated by using
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Fig. 5. Code rates (and overheads) for each individual channels for DP-
64QAM optical communication systems. (a) EDFA system (b) Raman ampli-
fied system.
the Gauss-Hermite quadrature as follows
IXY ≈ log2M −
1
Mpi
M∑
i=1
L∑
k=1
wk
L∑
l=1
wl
· log2
M∑
j=1
exp
(
− |dij |
2
+ 2 σeff ℜ [(ξk + ı ξl) dij ]
σ2eff
)
.
(14)
where dij denotes the Euclidean distance between signal
constellation symbols xi and xj , ξk and ξl are the k− and
l−root of the L−order Hermite polynomial HL(x) with the
associated weights wk and wl, respectively.
III. RESULTS AND DISCUSSIONS
In this section, we have examined the backward-pumped
geometry of the DRA scheme neglecting the Raman pump
depletion effect as well as assuming the independence of the
Raman gain on the laser wavelength. The optical lumped
EDFA-amplified scheme was also analyzed. The nonlinear
distortion model has been extended accounting for the ef-
fect of third-order dispersion (dispersion slope), which is
captured by the term β3. To investigate the differences in
channel performance due to the impact of dispersion slope,
the estimations have been carried out separately for each
sub-channel in the ideal Nyquist-spaced WDM transmission
system. Within the framework of the first-order pertubative
analysis, the nonlinear distortion coefficients in Eq. (4) were
numerically computed separately for each WDM channel via
a quasi-Monte Carlo integration method [17], since the rate of
50.57
0.58
0.59
0.6
0.61
0.62
0.63
0.64
0.65
0.66
0.67
C
o
d
e
R
a
te
,
R
∗
EDC
1ch.-NLC
250 GHz-NLC
✞
✝
☎
✆
EDFA amplification256-QAM
(a)
−80 −60 −40 −20 0 20 40 60 80
75%
67%
56%
49%
O
v
er
h
ea
d
0.69
0.7
0.71
0.72
0.73
0.74
0.75
0.76
0.77
0.78
0.79
C
o
d
e
R
a
te
,
R
∗
ED
C
1ch.-NLC
250 GHz-NLC
✞
✝
☎
✆
Raman amplification256-QAM
(b)
−200 −150 −100 −50 0 50 100 150 200
45%
39%
32%
27%
Channel index, k
O
v
er
h
ea
d
Fig. 6. Code rates (and overheads) for each individual channels for DP-
256QAM optical communication systems. (a) EDFA system (b) Raman
amplified system.
convergence of the reference triple integral gradually decreases
with increasing transmitted signal bandwidth. The transmis-
sion distance is fixed as 2000 km (25×80 km). The EDC,
the single-channel NLC and a practically feasible 250-GHz
NLC, which was a reported record for the maximum possible
signal processing bandwidth [11] have been applied in the 157-
channel×32 GHz EDFA-amplified transmission system and
391-channel×32 GHz DRA-amplified transmission system.
The detailed parameters of the optical communication systems
are summarized in Tab. I.
The SNR at optimum launched power in each individual
channel has been evaluated for both EDFA and Raman am-
plified optical communication systems as shown in Fig. 1. It
can be observed that, compared to the reported analyses (the
green dashed curves) [9], [10], the impact of β3 is reflected
in the tilt in the nonlinear distortion spectrum due to the
low frequency components exhibiting a greater accumulated
dispersion, which ultimately results in a lower influence of
nonlinear interference. This gives rise to a different perfor-
mance for each channel in the WDM transmission system,
which is no longer symmetric about the central channel.
The AIRs and the achievable SE (right-hand side) for each
individual channel have been investigated for the modulation
formats of DP-64QAM, DP-256QAM and DP-1024QAM, as
shown in Fig. 2, Fig. 3 and Fig. 4. It can be seen that the
AIR of each WDM channel is not symmetric about the central
channel anymore as a consequence of the tilt in the non-
linear interference spectrum. This is fundamentally different
from reported results in [6], [7], [8], [9], [10], where the
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Fig. 7. Code rates (and overheads) for each individual channels for DP-
1024QAM optical communication systems. (a) EDFA system (b) Raman
amplified system.
performance of WDM channels behaved symmetrically about
the central channel. For both EDFA and Raman amplified
transmission systems, the impact of third-order dispersion
becomes more significant for the systems using higher-order
modulation formats and higher-bandwidth NLC.
Reciprocally, the ideal code rates R∗ and coding overheads
(OH , ((1/R∗)− 1) · 100%) for each individual channel
were analyzed for different modulation formats in both EDFA
and Raman amplified systems. Figure 5, Fig. 6 and Fig. 7
illustrate that the ideal FEC code rate (or coding overhead) in
each WDM channel is entirely asymmetric about the central
channel due to the effect of the third-order dispersion. For the
scheme of Raman amplified DP-1024QAM communication
system with 250 GHz NLC in Fig. 7(b), the difference between
the code rates of the two outer channels is equal to 0.06, which
is of great importance for FEC coding design.
It is found that, for all considered modulation formats,
the ideal code rates behave significantly asymmetric with
respect to the central channel due to the impact of third-order
dispersion. This effect is observed to be more significant for
higher-order modulation formats. This clearly indicates that
the code rates in the forward error correction schemes have
to be optimized asymmetrically in each individual channel in
order to maximize the overall throughput.
IV. CONCLUSION
In summary, the impact of Kerr fiber nonlinearities in
C−band (∼5 THz) EDFA and C + L−band (∼12.5 THz)
6Raman-amplified optical communication systems are inves-
tigated considering the effect of third-order chromatic dis-
persion. The achievable information rate and the ideal FEC
code rates in each individual transmission channel have been
evaluated for DP-64QAM, DP-256QAM and DP-1024QAM
modulation formats. It is found that, for all considered mod-
ulation formats, the AIR and the ideal FEC code rates are
asymmetric about the central channel due to the impact of the
third-order dispersion term. This provides us a new insight
that the FEC schemes have to be optimized asymmetrically,
almost on a per-channel basis, in order to maximize the overall
throughput of the transmission system.
REFERENCES
[1] M. Imran, P. M. Anandarajah, A. Kaszubowska-Anandarajah,
N. Sambo, L. Potı´, “A survey of optical carrier generation techniques
for terabit capacity elastic optical networks,” IEEE Communications
Surveys & Tutorials, vol. 20, no. 1, pp. 211–263, 2018.
[2] G. P. Agrawal, Fiber-Optic Communication Systems. Hoboken, N.J.,
USA: John Wiley & Sons, 2013.
[3] G. Keiser, Optical Fiber Communications. New York, N.Y., USA:
McGraw-Hill, 2011.
[4] P. P. Mitra and J. B. Stark, “Nonlinear limits to the information capacity
of optical fibre communications,” Nature, vol. 411, no. 6841, pp. 1027–
1030, 2001.
[5] R.-J. Essiambre and R. W. Tkach, “Capacity trends and limits of optical
communication networks,” Proc. IEEE, vol. 100, no. 5, pp. 1035–1055,
2012.
[6] P. Poggiolini, G. Bosco, A. Carena, V. Curri, Y. Jiang, and F. Forghieri,
“The GN-model of fiber non-linear propagation and its applications,”
J. Lightw. Technol., vol. 32, no. 4, pp. 694–721, 2014.
[7] G. Bosco, P. Poggiolini, A. Carena, V. Curri, and F. Forghieri, “Ana-
lytical results on channel capacity in uncompensated optical links with
coherent detection,” Opt. Express, vol. 19, no. 26, pp. B440–B451,
2011.
[8] V. Curri, A. Carena, P. Poggiolini, G. Bosco, and F. Forghieri, “Ex-
tension and validation of the GN model for non-linear interference
to uncompensated links using Raman amplification,” Opt. Express,
vol. 21, no. 3, pp. 3308–3317, 2013.
[9] N. A. Shevchenko, T. Xu, D. Semrau, G. Saavedra, G. Liga, M. Paskov,
L. Galdino, A. Alvarado, R. I. Killey, and P. Bayvel, “Achievable
information rates estimation for 100-nm Raman-amplified optical trans-
mission system,” in Proc. 42nd Eur. Conf. Opt. Commun., Sept. 2016,
pp. 878–880.
[10] D. Semrau, T. Xu, N. A. Shevchenko, M. Paskov, A. Alvarado,
R. I. Killey, and P. Bayvel, “Achievable information rates estimates in
optically amplified transmission systems using nonlinearity compensa-
tion and probabilistic shaping, Optics Lett., vol. 42, no. 21, p. 121–124,
2017.
[11] K. Shi, E Sillekens, B. C. Thomsen “246 GHz Digitally Stitched
Coherent Receiver,” in Proc. Opt. Fiber Commun. Conf., Los Angeles,
CA, USA, Mar. 2017, Paper M3D.3.
[12] J. Bromage, “Raman amplification for fiber communications systems,”
J. Lightw. Technol., vol. 22, no. 1, pp. 79–93, 2004.
[13] S. R. Chinn, “Analysis of counter-pumped small-signal fibre Raman
amplifiers,” Electron. Lett., vol. 33, no. 7, pp. 607–608, 1997.
[14] P. Poggiolini, “The GN model of non-linear propagation in uncompen-
sated coherent optical systems,” J. Lightw. Technol., vol. 30, no. 24,
pp. 3857–3879, 2012.
[15] W. S. Pelouch, “Raman amplification: An enabling technology for
longhaul coherent transmission systems,” J. Lightw. Technol., vol. 34,
no. 1, pp. 6–19, 2016.
[16] W. Zeiler, F. Di Pasquale, P. Bayvel, and J. E. Midwinter, “Modeling
of four-wave mixing and gain peaking in amplified WDM optical
communication systems and networks,” J. Lightw. Technol., vol. 14,
no. 9, pp. 1933–1942, 1996.
[17] R. E. Caflisch, “Monte Carlo and quasi-Monte Carlo methods,” Acta
numerica, vol 7, pp. 1–49, 1998.
